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Abstract

A traffic network can be modeled by a digraph, while
the traffic sensor location problem can be studied by using
a minimum edge control set which is defined as follows.
Let G = (V, E) be a digraph. A subset F' of the edge set E
is called anedge control set of G if every flow of G is com-
pletely determined by F'. An edge control set F' is said to
be minimum if |F| is the least cardinality among all edge
control sets of G. In this paper an algorithm for construct-
ing a minimum edge control set of any digraph is estab-
lished.

1. Introduction

Every year, many miles of new roads and highways
are built and put in use in almost every urban area
to accommodate the growing number of vehicles. How-
ever, the expansion of roads and highways still cannot
keep up with the growth rate of the number of vehicles.
More travel by more vehicles aggravates traffic conges-
tion and causes multiple delays for drivers. According
to a recent study by the Texas Transportation Insti-
tute [3], Americans spent 3.7 billion hours in travel de-
lays in 2003, with a total cost of more than $63 billion.
On average, Americans spent 47 hours stuck in traffic
in 2003, while ten years earlier they were spending 40
hours a year. Traffic congestion becomes one of the ma-
jor obstacles for the further development of many ur-
ban areas, affecting millions of people’s daily life. Con-
structing more roads and highways may improve the
situation, but it is very costly, and in many cases it is
impossible due to the existing structures.

The availability of the global positioning system
(GPS) has a dramatic impact on the way people travel.
Together with recent advances in computer and com-
munication technologies it is now possible to build ef-
ficient traffic control systems to intelligently direct the
traffic flow to its maximum capacity. Such systems will
be the key toward solving the traffic congestion prob-
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Figure 1. Intelligent Traffic Control System.

lem. As shown in Figure 1, an intelligent traffic control
system (IT'CS) consists of several key components. The
central processing component uses the historical traffic
information as well as the past predictions by the sys-
tem to generate improve its traffic forecast model which
will be used by the traffic expert system to forecast traf-
fic flow in the near future for the network. The traffic
flow predictions will then be delivered to drivers via dif-
ferent channels such as roadside billboards, radio sta-
tions, the internet, and on-vehicle GPS systems. One
key feature of the system is its ability to improve it-
self over the time by learning from historical real traf-
fic data and its past predictions.

One of the components of an iTCS is the live traf-
fic data collection. In order to collect accurate traf-



fic data, sensors have to be placed on the streets and
roads to measure the flow of traffic. One of the main
questions in the collection of traffic data is where to
place the traffic sensors. Of course one would like to
use the least possible number of sensors to reduce cost
and shorten the traffic data processing time.

A transportation network can be modeled by a di-
graph. In order to explain our results, we need the fol-
lowing definition.

Let G be a digraph. For each vertex v of G, let E* (v)
(or E~(v)) be the set of arcs with tail (or head) at v,
ie.,

{uv € E(G)
{uwv € E(G)

cuweV(G)},
s ueV(G)}.

A function f : E(G) — RT U {0} is called a flow of G
if

Yo fle)= D> fle) forall veV(G) (1)

e€ E+(v) e€eE—(v)

A subset F of E(G) is called an edge control set if, for
any two flows f; and fo of G, it is always true that
fi(e) = fa(e) for all e € F implies that fi(e) = fa(e)
for all e € E(G).

If a traffic sensor is placed on each edge in an edge
control set of the transportation network G, it follows
from the definition of an edge control set that the sen-
sors would provide complete traffic information for the
network.

In this paper, we shall study the optimal locations
for the traffic sensors. In Section 2, an algorithm for
finding the optimal location for the traffic sensors is
explained with an example, while its proof is given in
Section 4. Section 3 discusses the minimum size of edge
control sets for digraphs. We shall have some conclud-
ing remarks and open problems for further study at the
end of this paper.

2. Minimal Edge Control Sets

An edge control set F' is said to be minimal if any
proper subset of F' is not an edge control set of G. It
is clear that minimal edge control sets are not unique.

In order to simplify the proofs, we will use a cut edge
of a digraph for a cut edge of its underlying graph.

Definition 1 Let G = (V, E) be a digraph, let H be a
subgraph of G and e € E(H). Define

Cu(e) ={etu{de E(H) : disacutedge of H—{e} }.

We may call Cy (e) the control of e in H.

Algorithm 2 Let G be a digraph such that each arc is
on a directed cycle. A subset F is to be constructed by the
following steps.

STEP 1. Let F := 0 and H := G.
STEP 2. While E(H) # 0, pick any edgee € E(H), let

F:=FU{e}, H:=H-Cgle).

Then F is a minimal edge control set of G.

We would like to point out that this algorithm can
be applied to any digraph without the restriction that
every arc is on a directed cycle, as discussed in the last
section of this paper.

Before proving Algorithm 2, we use the digraph
shown in Figure 2 to illustrate how an edge control
set is constructed.
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Figure 2. GG is a digraph with each arc in a di-
rected cycle .

We begin with F' = () and H := G and then choose
an edge for F, say e;. Then F = {ei}, Cuy(e1) =
{e1,e2,e3}, and H := H — Cy(e1) shown in Figure 3.
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Figure 3. H is the first digraph obtained by ap-
plying Algorithm 2 .

Since E(H) # 0, we select e4 and add it to F. So
F= {61764}; CH(64) = {645657665612}7 and H := H —
Cg(eq) displayed in Figure 4.

This time we add e; to F and then Cg(er) =
{er,es,e11}. So H := H — Cg(e7) consists of 7 iso-
lated vertices and one cycle shown in Figure 5. Fi-
nally, we add eg into F. Therefore, F' = {e1, e4,€7,€9},
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Figure 4. H is the second digraph obtained by ap-
plying Algorithm 2 .

Cu(eg) = {eg,e10,e13}, and H consists of all iso-
lated vertices. In other words, E(H) = (). Therefore,
F ={ey,e4,e7,€9} is a minimal edge control set of G,
according to Algorithm 2.
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Figure 5. H is the third digraph obtained by ap-
plying Algorithm 2 .

3. Minimum Edge Control Sets

Let G be a digraph. Define by «(G) the minimum
size of edge control sets of G, i.e.,

a(G) =min{ |F| : F is an edge control set of G }.

An edge control set F' of G is called a minimum edge
control set of G if |F| = a(G). A minimum edge control
set of G must be a minimal edge control set of G.

Theorem 3 Let G be a digraph with an edge control set
F. Then F is a minimal edge control set of G if and only
if F is a minimum edge control set of G.

An immediate corollary of the theorem is as follows:

Corolary 4 Let G be a digraph. If each arc of G lies on
a directed cycle, then every edge control set produced by
applying Algorithm 2is a minimum edge control set of G.

Theorem 5 (See [2]) Let G be a digraph with e €
E(G). Then e lies on a directed cycle of G if and only
if there is a flow of G such that f(e) # 0.

Lemma 6 Let G be a digraph and let G* be the digraph
obtained from G by deleting all arcs that are not on any
directed cycles of G. If F is a subset of E(G), then F is a

minimal edge control set of G if and only if F is a minimal
edge control set of G*.

Proof. (<) Let F be a minimal edge control set of G*.
In order to show that F' is also a minimal edge con-
trol set of G, we only need to show that F' is an edge
control set of G. Let f; and f; be two flows of G such
that fi(e) = fa(e) for all e € F. Since fi(e) = 0 for
all e € E(G) — E(G*), the restrictions of f; on E(G*)
are flows of G*. Hence fi(e) = fa(e) for all e € E(G*).
Therefore, fi(e) = fa(e) for all e € E(G). That means
that F is also an edge control set of G.

(=) Let F be a minimal edge control set of G. It
follows from Theorem 5 that F' C E(G*). It is easy
to see that I is an edge control set of G*. So we only
need to prove the minimality of F. If not, there ex-
ists F™* g F such that F* is an edge control set of G*.
As we proved earlier in this proof, F* is an edge con-
trol set of GG, which contradicts to the minimality of F
as an edge control set of G. (]

Lemma 7 LetG and G* be defined as in Lemma 6. If F
is a subset of E(QG), then F' is a minimum edge control set
of G if and only if F is a minimum edge control set of G*.

Proof of Theorem 3. (<) It follows from the definition
of a minimum edge control set of G.

(=) Let G* be the digraph obtained from G by
deleting all arcs that do not lie on any directed cy-
cles of G. Let I be a minimal edge control set of G. By
Lemma 6 and Lemma 7, it is sufficient to show that F
is a minimum edge control set of G*.

Suppose that F' is not a minimum edge control set
of G*. Let F* be a minimum edge control set of G*.
Then

a(G*) = |F*| < |F|.
By Lemma 7, F* is a minimum edge control set of G.
Thus o(G) = |F*|. Note that |F| = a(G). So

a(G) = [F*| < |F| = (@),
which is impossible. This completes the proof. O

4. Proof of the Algorithm

Let X and Y be disjoint subsets of V(G). We use
[X,Y]c to denote the set of arcs with tails in X and
heads in Y. In case of no confusion, we simply write
[X,Y] instead. [X, Y] is called an edge cut set of G if X
and Y form a partition of V(G) such that [Y, X] = 0.
The following two useful lemmas are proved in [5, 2].

Lemma 8 Let G be a digraph. If f is a flow of G, then
for each partition (X,Y) of V(G),

Yo flo= Y fle)

CE[va] eE[Y,X]



Lemma 9 Let G be a digraph. If every arc of G lies on
a directed cycle of G, then there exists a flow f of G such
that f(e) # 0 for everye € E(G).

Lemma 10 Let G be a digraph such that each arc is on
a directed cycle. Then the set F' constructed by using Al-
gorithm 2 is an edge control set of G.

Proof. Let F' = {eq,ea,...,e}, where the edges being
labeled in the same order as they are introduced into
the set F' by using Algorithm 2, and let

E(G) = E(Ho) D) E(Hl) DD E(Ht) =10

be the sequence of subgraphs generated by Algo-
rithm 2. Then H; = H;_1—Cy,_,(e;) fori=1,2,... t.
Let f1 and f2 be two flows of G with fi(e) = fa(e) for
all e € F. We only need to show that fi(e) = fa(e) for
all the edges e of G. Suppose not, we choose the small-
est integer 7 so that eg ¢ H, and fi(eg) # fa(eo).
Hence fi(e) = fa(e) for all e € E(G — H,_1). Since
eo ¢ F, ey is a cut edge of H._1 — {e;}. There-
fore, {eg, e, } is the edge cut set of H,_;. Assume that
W’ and W” form a partition of V(H,_1) with

{607 67} = [Wla WII:IHTfl U [Wllv W/:IHTfl'

Define V; = W’ and V5 = V(G)—V;. Clearly V; and V5
form a partition of V(G) and Vo = W"UV (G —H-_1).

Let B/ = E1 U E5, where
El = [‘/'1"/2]6;7[{771 U ([Vlv‘/Q]Gm{e();eT})v
E, = [Va,Vile—m, , U([V2,Vi]la N{eo,e-}).

Then E’ is an edge cut set of G. It follows from
Lemma 8 that

S file)= > file) for i=12 (2

ecE, e€Eo

By the choice of eg and 7, we have f1(e) = fa(e) for all
e € E(G— H,_1) UF. Assume, without loss of gener-
ality, that eg € E;. It then follows from (2) that

S A+ Y fale)

e€Ey e€E>
= file)+ > file)+ ) fale
ecE1—{eo} ec ks
= fileo)+ D fale)+ Y file
e€E1—{eo} ecE>
= fileo) = faleo) + D fale) + Y file)
ecE; ecE>
= fileo) = faleo) + D fale) + Y file)

ecEs ecEy

which implies that fi(eq) = fa(eo), contradicting the
given assumption. Therefore, F' is an edge control set
of G. (]

Lemma 11 Let G be a digraph with subgraphs Hy and
Hy such that Hy C Hs. If Hi and Ho have no cut edges
ande € E(Hy), then Cp, (e) 2 Ch,(e).

Lemma 12 Let G be a digraph such that every arc lies
on a directed cycle. Let F' = {e1, ea, ..., e} be a minimal
edge control set of G. Define

o = & 3)
Hi Hi—l —C’Hi_l(ei), 12172,,t
then

(i) Foreveryi:1 <i<t, H; has no cut edges, i.e.
every edge is on a cycle (not necessarily directed);

(ii) E(G) = E(Ho) 2 E(Hy) 2--- 2 E(H,) = 0.

Proof. Tt follows directly from the definition of H; that
H; has no cut edges. We now prove (ii).

First, we prove that the sequence in (i%) is indeed a

strictly decreasing chain. We only need to show that
eiEE(Hifl) fori=1,2,...,t

Suppose that e, ¢ E(H,_1) for some p: 1 < p < ¢

Let v be the smallest positive integer such that e, €

Cp,_,(ey). In other words, e, is the first arc in F such

that {e,, e, } is an edge cut set of H,_1. We prove that

F —{e,} = F is an edge control set of G.

By a similar argument as in the proof of Lemma 10,
we have that, for every flow f, f(e,) is completely de-
termined by f(e;) (i = 1,2,...,v). Therefore, F =
F —{e,} is an edge control set, contradicting the min-
imality of F.

We now prove E(Hy) = 0. If E(H;) # 0, then we
add more edges to F' in the same way as in the algo-
rithm. Assume that the following edges are added to
F:

€141, €t42, .-y Etts,

so that F(Hiys+1) = 0 and E(Hyys) # 0. Tt is clear
that Hy, s consists of a cycle that is not necessarily di-
rected, together with isolated vertices. Let the cycle in
Ht+s be

C: V1, V2, ..., VUg. (4)

Let f be a flow of G such that f(e) # 0 for
all e € E(G). The existence of such a flow follows
from Lemma 9. Now we divide our proof according to
whether or not C' is a directed cycle.

Cask I: C is a directed cycle. Define f; : E — RT U

{0} by

f ifee E(Ht+s),
fle), otherwise.



Since H;;s; does not contain any arcs in F, we have
that f(e) = fi(e) for all e € F. We now show that f;
is also a flow of G. Let v € V(G). If v ¢ V(Hy45), then

Y oA = Y e

e€EL (v) e€EL (v)
= > fle= > hle.
eCE (v) e€Eg (v)

Ifv=uv; € V(Hits) for some 1 < i <k, let e =v;_qv;
and ¢’ = v;v;41. Then

> file) = >

eeEg(v) e’;éeEE:g(v)

- 3

e’;éeeEg(v)

= > fle)+1

eEEg(v)

= Z fle)+1

e€Eg (v)

- ¥

e''#e€Eg (v)

= > file).

e€Eg (v)
Therefore, f; is a flow of G. Recall that
file) = f(e) for e€F,

file) + fr(€)

fle)+ () +1

fle)+ f(e")+1

and
file) # f(e) for e € E(hs).
This contradicts the fact that F' is an edge control set
of G.
CAsE II: C is not a directed cycle. Recall that C' :
v1, V2, ..., Uk. Assume that

Viys Vigs -y Vip, (5)

are the vertices of C that have degree in G larger than
two, which are arranged in the same order as they are
on the cycle (4). Since every arc is on a directed cy-
cle, then the path of C between any two consecutive
vertices in the above sequence (5) is directed. For the
simplification of notation, we assume that the paths
change directions at every vertex v;;, j = 1,2,...,h.
Note that h must be an even integer. Assume, with-
out loss of generality, that the paths of C' have the fol-
lowing indicated directions (see Figure 6).

P1 LUy 7 Uiy,
P2 L Uiy 7 U4y,
Pyt v, — v,

Ph LU T Uy,

Figure 6. H, ; is a cycle, together with isolated
vertices (not showing).

Let a = min f(e), then a > 0. Define f; : £ —
e€E(G)

R*T U{0} by

if e e E(Pj) Yj
otherwise

Clearly, f1 # f. We now prove that f is also a flow
of G. It follows from the definition of f; that we only
need to prove that for every vertex v; of Hyys,

Yo hle)= D> file).

eeEg('u,;) e€E (vi)

Suppose that v; is on the path P;. If degq(v;) = 2,
then v; is an interior vertex of P;. Let ¢’ and e” be the
arcs incident with v;. Since f is a flow of G , we have
f(e) = f(e"). Hence
file) = f(e) + (=1Ya= f(e") + (=1)a = fi(e").

If degg(vi) > 2, then we may assume that v; = v,
is the end vertices of directed paths P;_; and P;. Sup-
pose that ¢’ € E(P;_1) and e’ € E(P;). We may as-
sume, without loss of generality, that j is even. Then
both ¢’ and €¢” are in EZ(v;;). Therefore,

Y. file) =

eEE:S(U,:J)

> hile)+ file) + file”)
eEE:S(U,:J)

6#6/76//

= Y fe+fe)
eEEg(’Uij)
6756,,6”

(=1 0+ f(e) + (-1)a
= Y HO+ ) e (-

eEEg (’Uij)

= > .

eEE&(v,;j)

Hence, f; is also a flow of G, which is a contradiction.
Therefore, E(H;) = (). The proof is complete. O



Proof of Algorithm 2. It follows from Lemma 10 that
the set I’ constructed in algorithm is an edge control
set of G. We now only need to prove that F' is minimal.

Assume that F' = {ey,ea,..., e}, where the arc are
labeled in the same order as they are introduced into
the set F. If the edge control set F' is not minimal,
then let s be the smallest positive integer such that
the proper subset F' — {e,} is also an edge control set
of G. It follows from the construction in Algorithm 2
that e; € F(Hs_1) and

€g ¢ E(HS) = E(Hsfl - CH571(68))'

Let Iy = {e1,e2,...,€6-1,€i,,€i 1,
imal edge control set of G, where

., €, } be amin-

SH1<iy <igpy <o <ip <t

For convenience, let i; = j for j =1,2,...,5—1. Define
HA:O = gv
Hj = Hj_l_cﬁj_l(eij)’ ]21,2,,]6

Obviously, we have

H; = H; for 7=1,2,....,s—1
H; 2 H;

)

for j=s,s4+1,... k.

Since Fj is a minimal edge control set of G, it follows
from Lemma 12 that E(Hy) = 0. Let A be the small-
est integer such that e, ¢ E(Hy). Then e, € E(Hy_1),
which implies e; € C  (ei,). Therefore, {es,€;,} is

an edge cut set of ﬁ,\,l. Since e;, € H;, —1 and IAi;)\,l D)
H;, , D H;, 1, asubset of {es, e;, } is also an edge cut
set for H;, _;. Since e5 € E(Hs_1) = E(ﬁs,l), it fol-
lows from the definition of X that A > s. Hence i, —1 >
s. Noting that es ¢ E(H,) and E(H;) 2 E(H;,—1), we
have e; ¢ E(H;,_1). It follows that e;, is a cut edge of
H;, 1, a contradiction to the construction in the algo-
rithm. Therefore, F' is a minimal edge control set of G.
The proof is complete. O

5. Remarks and Open Problems

The following are some remarks and open problems
for further study.

1. Let G be a digraph and f a flow on G. It is proved
in Theorem 5 that f(e) = 0 if e is not on any di-
rected cycle. Therefore, Algorithm 2 can be used
to find a minimal edge control set for G by apply-
ing it to the digraph obtained by deleting all edges
of G that are not on any directed cycle.

2. Let G be a planar digraph with m edges and n
vertices. It is proved [2] that a minimum edge con-
trol set of G contains m —n + 1 edges. Is this true
for any digraph?

3. We have assumed in this paper that the traffic
flow within the network contains neither sinks nor
sources, namely,

Z fle) = Z fle) forall veV(G).

ecE+(v) ecE—(v)

For flows of digraphs without the above condition,
modify the concept of the minimum edge control
set, and establish an algorithm for finding such
modified minimum edge control sets.

4. The traffic forecast model used by the central pro-
cessing component of the iTCS will be studied in
a separate research.

5. The results in this paper is more suitable for mon-
itoring traffic flow instead of the speed of the traf-
fic.
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