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Abstract

Let h ≥ 2 be any integer. In this paper, it is proved that, for any
nonnegative real numbers α1, . . . , αh with α1 + · · · + αh = 1, every finite
solvable group G contains h subsets A1, . . . , Ah such that

(a) A1 · · ·Ah = G,
and

(b) |Ai| ≤ 2|G|αi for i = 1, . . . , h.

In particular, it is proved that every finite solvable group G has a “thin”
basis A of order h such that |A| ≤ 2h|G|1/h. This answers an old question
of Rohrbach in the solvable case. It is also proved in this paper that there
exists a constant c = c(h) such that every finite group has a basis A of
order h such that |A| ≤ c|G|1/h provided that the class of all finite simple
groups is h-decomposable.

1 Introduction

Let G be a finite group. Let h ≥ 2, and let A1, . . . , Ah be subsets of G. Denote
by A1 · · ·Ah the set of all elements of G that can be written in the form a1 · · · ah,
where ai ∈ Ai for i = 1, . . . , h. When A = A1 = · · · = Ah, let Ah = A1 · · ·Ah.
A subset A of G is a basis of order h for G if Ah = G.

Let |S| denote the cardinality of the set S. If A is a basis of order h for the
finite group G, then

|A| ≥ |G|1/h.

In 1937, Rohrbach [9] asked if, for every h ≥ 2, there exists a constant c = c(h)
such that every finite group G has a “thin” basis of order h such that

|A| ≤ c|G|1/h.

Rohrbach observed that such thin bases exist for finite cyclic groups, but the
general case still remains unsolved. Cherly [2] proved that every finite abelian
group G of order n has a basis A of order two such that

|A| ≤ 2
√

n log n + 2.

Recently, Jia [5,6] solved the Rohrbach’s problem in the nilpotent case. He
proved that every finite abelian group G has a basis A of order h such that

|A| ≤ c1|G|1/h,

where c1 = h(1+2−1/h)h−1, and that every finite nilpotent group G has a basis
A of order h such that

|A| ≤ c2|G|1/h,

where c2 = h · 2h−1.
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In the general case, Bertram and Herzog [1] proved that for every δ > 0 and
for “almost all” n, every finite group G of order n has a basis A of order two
such that1

|A| ≤ |G|1/2+δ.

Recently, Nathanson [8] proved that every finite group G of order n has a basis
A of order two such that

|A| ≤ 2
√

n log n + 2,

and, for every h ≥ 3 and δ > 0, there exists M = M(h, δ) such that every finite
group G of order n ≥ M has a basis A of order h such that

|A| ≤ (h + δ)(n log n)1/h.

Very recently, Kozma and Lev [7] completely solved Rohrbach’s problem in the
case h = 2. They proved that every finite group G has a basis A of order two
such that

|A| ≤ 4√
3

√
|G|.

In this paper, we shall show that, for every h ≥ 2, every finite solvable group
G has a basis A of order h such that

|A| ≤ 2h|G|1/h.

This solves Rohrbach’s problem in the solvable case. The famous theorem of
Feit and Thompson [3] asserts that every finite group of odd order is solvable.
Therefore, as a consequence of the result in this paper, every finite group G of
odd order has a basis A of order h such that

|A| ≤ 2h|G|1/h.

A class of finite groups is said to be be h-decomposable if there exists an ab-
solute constant c = c(h) such that, for any nonnegative real numbers α1, . . . , αh

with α1 + · · · + αh = 1, every finite group in this class contains h subsets
A1, A2, . . . , Ah of G such that

(i) A1A2 · · ·Ah = G, and

(i) |Ai| = cin
αi(i = 1, 2, . . . , h) with c1 + c2 + · · ·+ ch ≤ c.

In this paper, we shall prove that the class of all finite solvable groups is h-
decomposable with c = 2h. In the last section of this paper, we shall prove that
if the class of all finite simple groups is h-decomposable then the class of all
finite group is h-decomposable.

1With a refinement of the result used in their proof, the Bertram-Herzog’s method can
imply the following slightly stronger result: Given any function f(n) which tends to infinity
as slowly as we like, for almost all n, every finite group G of order n has a basis A of order
two such that

|A| ≤
√

nf(n) log log n.
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2 The Solvable Case

In this section, we shall prove the following result.

Theorem 1 Let h ≥ 2 be an integer. Let α1, . . . , αh be nonnegative real
numbers with α1 + · · ·+ αh = 1. Then every finite solvable group G of order n
contains h subsets A1, A2, . . . , Ah of G such that

(i) A1A2 · · ·Ah = G, and

(i) |Ai| ≤ 2nαifor i = 1, 2, . . . , h.

Proof. Let G be any finite solvable group of order n. Then G possesses a
composition series of normal subgroups

G = Go B G1 B G2 B . . . B Gr B Gr+1 = E

such that every factor group Gi/Gi+1 cyclic and of prime order pi. Thus
n = p0 · · · pr.

For each 0 ≤ i ≤ r, let aiGi+1 be a generator of the cyclic group Gi/Gi+1

where ai ∈ Gi. It is easy to show that every element x ∈ G can be written in
the form

x = ai0
0 ai1

1 · · · air
r ,

where 0 ≤ ij ≤ pj − 1 for j = 0, 1, . . . , r. Noting that the order of G is
n = p0 · · · pr, we see that the above representation of x is unique. Define, for
each 0 ≤ i ≤ r,

Ui = {e, ai, a
2
i , . . . , a

pi−1
i },

where e is the identity element in G. Then

G = U0U1 · · ·Ur.

Let α1, . . . , αh be any h nonnegative real numbers such that α1+· · ·+αh = 1.
We may assume without loss of generality that every αi > 0. We shall construct
Ak’s inductively. Suppose that

p0 · · · pµ−1 < nα1 ≤ p0 · · · pµ

for some integer 0 ≤ µ ≤ r. Let

m1 =
⌈

nα1

p0 . . . pµ−1

⌉
.

Define
A1 = U0 · · ·Uµ−1R1,

where
R1 = {e, aµ, a2

µ, . . . , am1−1
µ }.
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Then
|A1| ≤ |U0| · · · |Uµ−1||R1| = p0 · · · pµ−1m1 ≤ 2nα1 .

Suppose that we have constructed A1, A2, . . . , Ak(1 ≤ k ≤ h − 1) with the
following properties:

(a) |Ai| ≤ 2nαi for i = 1, 2, . . . , k; and

(b) If p0 · · · pν−1 < nα1+···+αk ≤ po · · · pν , then

A1A2 · · ·Ak ⊇ U0U1 · · ·Uν−1Rk,

where

Rk = {e, aν , . . . , amk−1
ν }, and mk =

⌈
nα1+···+αk

p0 · · · pν−1

⌉
.

We now construct Ak+1. Suppose that

p0 · · · pθ−1 < nα1+···+αk+1 ≤ p0 · · · pθ.

It is clear that θ ≥ ν. We break our construction into two cases.
CASE I. θ = ν. Let t = dnαk+1e, and define

Ak+1 = {e, amk

θ , a2mk

θ , . . . , a
(t−1)mk

θ }.

Then
|Ak+1| = t = dnαk+1e ≤ 2nαk+1 .

Let

mk+1 =
⌈

nα1+···+αk+1

p0 · · · pθ−1

⌉
,

and define
Rk+1 = {e, aθ, . . . , a

mk+1−1
θ }.

We need to show that

A1 · · ·Ak+1 ⊇ U0 · · ·Uθ−1Rk+1. (1)

It follows the hypothesis (b) that we only need to show that

RkAk+1 ⊇ Rk+1.

Let u be any integer such that 0 ≤ u ≤ tmk − 1, then

u = vmk + w, where 0 ≤ v ≤ t− 1, 0 ≤ w ≤ mk − 1.

Therefore,
au

θ = aw
θ avmk

θ ∈ RkAk+1,
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which implies that
RkAk+1 ⊇ {e, aθ, . . . , a

tmk−1
θ }.

Hence (1) follows from the fact θ = ν and

tmk = dnαk+1e ·
⌈

nα1+···+αk

p0 · · · pν−1

⌉
≥

⌈
nα1+···+αk+1

p0 · · · pθ−1

⌉
= mk+1

CASE II. θ > ν. Let t = bpν/mkc. Define

Lk+1 = {e, amk

θ , . . . , atmk
ν }.

Then a similar argument as we used above shows that

RkLk+1 = {e, aν , . . . , a(t+1)mk−1
ν }.

Since
(t + 1)mk − 1 ≥ pν

mk
·mk − 1 = pν − 1,

we see that
RkLk+1 = Uν . (2)

Let mk+1 and Rk+1 be as we defined in the Case I. Define

Ak+1 = Lk+1Uν+1 · · ·Uθ−1Rk+1.

It follows from (2) that

A1 · · ·Ak+1 ⊇ U0 · · ·Uθ−1Rk+1.

Noting that

mk =
⌈

nα1+···+αk

p0 · · · pν−1

⌉
≥ nα1+···+αk

p0 · · · pν−1
,

we have

|Ak+1| ≤ |Lk+1||Uν+1| · · · |Uθ−1||Rk+1|
= tpν+1 · · · pθ−1mk+1

=
⌊

pν

mk

⌋
· pν+1 · · · pθ−1 ·

⌈
nα1+···+αk+1

p0 · · · pν−1

⌉
≤ 2

mk
· nα1+···+αk+1

p0 · · · pν−1

≤ 2 · p0 · · · pν−1

nα1+···+αk
· nα1+···+αk+1

p0 · · · pν−1

= 2nαk+1 .

Thus, we can construct A1, . . . , Ah such that

|Ai| ≤ 2nαi for i = 1, 2, . . . , h.
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Since
p0 · · · pr−1 < nα1+···+αh = n = p0 · · · pr,

we see that

mh =
⌈

nα1+···+αh

p0 · · · pr−1

⌉
= pr,

which implies that
Rh = {e, ar, . . . , a

pr−1
r } = Ur.

Therefore,
A1 · · ·Ah ⊇ U0 · · ·Ur−1Rh = U0 · · ·Ur−1Ur = G.

The proof is complete.
As a consequence of this theorem, we have

Theorem 2 For every h ≥ 2, every finite solvable group G has a basis A
of order h such that |A| ≤ 2h|G|1/h.

Proof. Let G be any finite solvable group. Applying Theorem 1 to G with
αi = 1/h for i = 1, . . . , h, we have subsets A1, · · · , Ah of G such that A1 · · ·Ah =
G and |Ai| ≤ 2|G|1/h for i = 1, . . . , h. Let A = A1 ∪A2 ∪ · · · ∪Ah. Then A is a
basis of order h for G and |A| ≤ 2h|G|1/h. The proof is complete.

Feit and Thompson [3] proved in 1963 that every finite group of odd order
is solvable. The following theorems follows immediately from Theorems 1 and
2 and Feit-Thompson Theorem.

Theorem 3 Let h ≥ 2 be an integer. Let α1, . . . , αh be nonnegative real num-
bers with α1 + · · ·+ αh = 1. Then every finite group G of odd order n contains
h subsets A1, A2, . . . , Ah of G such that

1. A1A2 · · ·Ah = G, and

2. |Ai| ≤ 2nαi for i = 1, 2, . . . , h.

Theorem 4 For every h ≥ 2, every finite group G of odd order has a basis A
of order h such that |A| ≤ 2h|G|1/h.

3 The General Case

Theorem 5 Let h ≥ 2 be any integer. If the class of all finite simple groups is
h-decomposable, so is the class of all finite groups.

Proof. Suppose the class of all finite simple groups is h-decomposable with
the constant c > 0. Let G be any finite group of order n. Let

G = G0 B G1 B G2 B . . . B Gr B Gr+1 = E

be a composition series of normal subgroups, where the factor group Gi/Gi+1

is a simple group of order ni for i = 0, 1, . . . , r. Then n = n0n1 · · ·nr.
Let α1, . . . , αh be any nonnegative real numbers such that α1 + · · ·+αh = 1.

We shall show that there exist h subsets A1, . . . , Ah of G such that
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(i) Ai · · ·Ah = G

(i) |Ai| = c2|G|αi for i = 1, . . . , h

Let Ni = n0 · · ·ni for i = 0, . . . , r. Suppose that

Nµk−1 < nα1+···+αk ≤ Nµk
(3)

for k = 1, . . . , h. It is clear that

0 ≤ µ1 ≤ · · · ≤ µh = r.

Let k0 = 0 and ks = h, and assume that

µ1 = · · · = µk1 < · · · < µki−1+1 = · · · = µki

< · · · < µks−1+1 = · · · = µks = µh.

For each i : 1 ≤ i ≤ s, let

ti = ki − ki−1,

νi = µki−1+1,

ei = α1 + · · ·+ αki−1+1,

fi = α1 + · · ·+ αki
.

Let i be any integer with 1 ≤ i ≤ s. Define real numbers β
(i)
j for j = 1, . . . , ti +1

as follows:

n
β

(i)
1

νi =
nei

Nνi−1
,

n
β

(i)
j

νi = nαki−1+j for j = 2, . . . , ti,

n
β

(i)
ti+1

νi =
Nνi

nfi
.

Note that β
(s)
ts+1 = 0. It follows from (3) that

1 <
nεi

Nνi−1
≤ nνi ,

which implies that every β
(i)
1 > 0. For each 2 ≤ j ≤ ti, αki−1+j ≥ 0 implies

β
(i)
j ≥ 0. From (3) and the fact that µki−1+1 = µki

, we see that

nνi >
Nνi

nfi
≥ 1,
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which implies that β
(s)
ti+1 > 0. Since

n
β

(i)
1 +···+β

(i)
ti+1

νi =
ti+1∏
j=1

n
β

(i)
j

νi

=
nεi

Nνi−1
·

ti∏
j=2

nαki−1+j · Nνi

nfi

=
nεi+αki−1+2+···+αki

nfi
· Nνi

Nνi−1

= nνi ,

we have
β

(i)
1 + · · ·+ β

(i)
ti+1 = 1.

It is clear that ti + 1 ≤ h. Since Gνi/Gνi+1 is a simple group order nνi , and
hence (ti + 1)-decomposable, Gνi

/Gνi+1 contains ti + 1 subsets B
(i)
1 , . . . , B

(i)
ti+1

such that

(i) B
(i)
1 · · ·B(i)

ti+1 = Gνi/Gνi+1;

(ii) c
(i)
1 + · · ·+ c

(i)
ti+1 ≤ c where |B(i)

j | = c
(i)
j n

β
(i)
j

νi for j = 1, . . . , ti + 1.

Since β
(s)
ts+1 = 0, we may choose that

B
(s)
ts+1 = {e}. (4)

Let C
(i)
j ⊆ Gνi be the set of representatives of B

(i)
j ⊆ Gνi+1. Then

|C(i)
j | = |B(i)

j | ≤ cn
β

(i)
j

νi (5)

for j = 1, . . . , ti + 1. Let

Uνi
=

ti+1∏
j=1

C
(i)
j , (6)

it then follows form (i) above that

UνiGνi+1 = Gνi .

For ν 6= nui, let Uν be a subset of Gν such that |Uν | = nν and UνGν+1 = Gν .
Then it easy to show that

G = U0U1 · · ·Ur. (7)

We now define A1, . . . , Ah as follows. For 1 ≤ i ≤ s, let

Aki−1+1 = C
(i−1)
ti−1+1Uνi−1+1 · · ·Uvi−1C

(i)
1 ,

Aki−1+j = C
(i)
j for j = 2, . . . , ti,
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where we assumed that C
(0)
t0+1 = {e}, and ν0 = −1. Then it follows from (5)

and the definitions that

|Aki−1+1| ≤ |C(i−1)
ti−1+1||Uvi−1+1| · · · |Uvi−1||C(i)

1 |

≤ cn
β

(i−1)
ti−1+1

νi−1 · nνi−1+1 · · ·nνi−1 · cn
β

(i)
1

νi

= c2 Nνi−1

nfi−1
· nνi−1+1 · · ·nνi−1 ·

nei

Nνi−1

= c2nαki−1+1 ;

|Aki−1+j | = |C(i)
j | ≤ cn

β
(i)
j

νi

≤ cnαki−1+j for j = 2, . . . , ti.

We may assume without loss of generality that c ≥ 1, then |Am| ≤ c2nαm for
m = 1, 2, . . . , h. Therefore, we only need to show that A1 · · ·Ah = G. It follows
from (4), (6), and (7) that

A1 · · ·Ah =
s∏

i=1

ti∏
j=1

Aki−1+j

=
s∏

i=1

C
(i−1)
ti−1+1Uνi−1+1 · · ·Uνi−1C

(i)
1 ·

ti∏
j=2

C
(i)
j


=

s∏
i=1

C
(i−1)
ti−1+1Uνi−1+1 · · ·Uνi−1C

(i)
1 ·

ti∏
j=2

C
(i)
j

 · C(s)
ts+1

=
s∏

i=1

Uνi−1+1 · · ·Uνi−1 ·
ti+1∏
j=1

C
(i)
j


=

s∏
i=1

{
Uνi−1+1 · · ·Uνi

}
=

r∏
ν=1

Uν

= G.

The proof is complete.

Corollary 1 If the class of all finite simple groups is h-decomposable, then
every finite group G has a basis A of order h such that

|A| ≤ c|G|1/h,

where c = c(h) is a constant depending only on h.
Proof. This follows immediately from the above theorem.
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