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Abstract

Let h > 2 be any integer. In this paper, it is proved that, for any
nonnegative real numbers ai,...,ap with a1 + -+ 4+ ap = 1, every finite
solvable group G contains h subsets A1, ..., A} such that

(a) Ay A, =G,
and
(b) |A;| <2|G|* fori=1,...,h.

In particular, it is proved that every finite solvable group G has a “thin”
basis A of order h such that |A| < 2h|G|'/". This answers an old question
of Rohrbach in the solvable case. It is also proved in this paper that there
exists a constant ¢ = ¢(h) such that every finite group has a basis A of
order h such that |A| < ¢|G|'/" provided that the class of all finite simple
groups is h-decomposable.

1 Introduction

Let G be a finite group. Let h > 2, and let Ay, ..., A} be subsets of G. Denote
by Aq - -- Ay, the set of all elements of G that can be written in the form a; - - - ap,
where a; € A; fori=1,...,h. When A = Ay = --- = Ay, let A" = A;--- Ay,
A subset A of G is a basis of order h for G if A" = G.

Let |S| denote the cardinality of the set S. If A is a basis of order h for the
finite group G, then

Al > |GI'".

In 1937, Rohrbach [9] asked if, for every h > 2, there exists a constant ¢ = c(h)
such that every finite group G has a “thin” basis of order A such that

|A] < c|G|Mh.

Rohrbach observed that such thin bases exist for finite cyclic groups, but the
general case still remains unsolved. Cherly [2] proved that every finite abelian
group G of order n has a basis A of order two such that

|A] < 24/nlogn + 2.

Recently, Jia [5,6] solved the Rohrbach’s problem in the nilpotent case. He
proved that every finite abelian group G has a basis A of order h such that

4] < erlat,

where ¢; = h(1+ 2’1/")}“1, and that every finite nilpotent group G has a basis
A of order h such that
|A] < e GV,

where ¢ = h - 2071,



In the general case, Bertram and Herzog [1] proved that for every § > 0 and
for “almost all” n, every finite group G of order n has a basis A of order two
such that!

|A‘ < ‘G|1/2+6.

Recently, Nathanson [8] proved that every finite group G of order n has a basis
A of order two such that

|A| < 24/nlogn+ 2,

and, for every h > 3 and § > 0, there exists M = M (h, ) such that every finite
group G of order n > M has a basis A of order h such that

|A] < (h+ 8)(nlogn)t/".

Very recently, Kozma and Lev [7] completely solved Rohrbach’s problem in the
case h = 2. They proved that every finite group G has a basis A of order two

such that 4
Al < —V/I|G|.
Al < 7V G|
In this paper, we shall show that, for every h > 2, every finite solvable group
G has a basis A of order h such that

|A| < 2n|G[Y™".

This solves Rohrbach’s problem in the solvable case. The famous theorem of
Feit and Thompson [3] asserts that every finite group of odd order is solvable.
Therefore, as a consequence of the result in this paper, every finite group G of
odd order has a basis A of order h such that

|A] < 2h|G]/",

A class of finite groups is said to be be h-decomposable if there exists an ab-
solute constant ¢ = ¢(h) such that, for any nonnegative real numbers oy, ..., ap
with a3 4+ --- 4+ ap = 1, every finite group in this class contains A subsets
Ay, A, ..., Ay of G such that

(Z) A1A2~'-Ah = G, and
(’L) |Az| :cin“i(i:1,2,...,h) with c1+co+ - +cp SC.

In this paper, we shall prove that the class of all finite solvable groups is h-
decomposable with ¢ = 2h. In the last section of this paper, we shall prove that
if the class of all finite simple groups is h-decomposable then the class of all
finite group is h-decomposable.

IWith a refinement of the result used in their proof, the Bertram-Herzog’s method can
imply the following slightly stronger result: Given any function f(n) which tends to infinity
as slowly as we like, for almost all n, every finite group G of order n has a basis A of order
two such that

|A] < /nf(n)loglogn.



2 The Solvable Case

In this section, we shall prove the following result.

Theorem 1 Let h > 2 be an integer. Let a,...,an be monnegative real
numbers with a1 + -+ -+ ap = 1. Then every finite solvable group G of order n
contains h subsets Ay, As, ..., A of G such that

(Z) A1A2"'Ah:G, and
(1) |Ai] <2n% fori=1,2,... h.

Proof. Let G be any finite solvable group of order n. Then G possesses a
composition series of normal subgroups

G=G,>G >G> ... G D>G1=FE

such that every factor group G;/G;+1 cyclic and of prime order p;. Thus
n=po::-Pr-

For each 0 < ¢ < r, let a;G;+1 be a generator of the cyclic group G;/G;11
where a; € G;. It is easy to show that every element x € G can be written in
the form

T = aéoaif coealn
where 0 <i; <p; —1for j =0,1,...,r. Noting that the order of G is
n =pg---pr, we see that the above representation of z is unique. Define, for
each0<i<r,
Ui = {e,a;,a?,...,a"" '},

7 » Y
where e is the identity element in G. Then

G =UglUy - U,.

Let a1, ..., an be any h nonnegative real numbers such that a;+---+ap = 1.
We may assume without loss of generality that every «; > 0. We shall construct
Ay’s inductively. Suppose that

Po- - Pu—1 <N <po---py

for some integer 0 < p < r. Let

nt
mp = ’7—‘ .
Po---Pu-1

Define
Ay =Uy---Uy_1Ry,
where
2 mi1—1
Ry ={e,au,ay,...,a;"



Then
|A1| < Ul |Up-1||Ri| = po- - pu—1mq < 2n°t.

Suppose that we have constructed Aj, As, ..., Ax(1 < k < h — 1) with the
following properties:

(a) |4;] <2n% fori=1,2,...,k; and

(b) Ifpo--po_1 < porttok < po---py, then

A1As - A, D UpU; -+ - Uy_1 Ry,

where

v

no1ttak
Ry ={e,ay,...,a™ '}, and my=|——

Po-Pv-1
We now construct Agx;1. Suppose that
po- - po—1 < n TR Zpgpy.

It is clear that 6 > v. We break our construction into two cases.
CASE I. 0 = v. Let t = [n®+!], and define

A1 = e, a;n"',agm’“, e a(gt_l)m’“}.

Then

|Ags1] =t = [n¥+1] < 2pFt1,
Let

"na1+~"+ak+1"
megy1= | —— | »
Do -Po-1
and define )
Rk+1 = {67 ag, - .-, a’;nk*—li }

We need to show that

Ay A1 2 U Ug—1 R4 (1)

It follows the hypothesis (b) that we only need to show that
RipAki1 2 Riya.
Let u be any integer such that 0 < u < tmy — 1, then
u=vmg+w, where 0<v<t—1, 0<w<my—1.

Therefore,

ag = agay” € RpApy1,



which implies that
RiAp+1 2 {e,ap,. .., aémk*l}.

Hence (1) follows from the fact 8 = v and

o eta pet okt
tmy, = [n 1] - >

—‘ = Mk+4+1

Po-"Pv-1 Po---Po-1

CASE II. 6 > v. Let t = |p,/my]. Define
Lyt = {e,ay™,...,al" }.

Then a similar argument as we used above shows that

RyLiyq = {e, Ay, .- ,al(,t—"_l)mk_l}.
Since
tt+Vme—1> 22 oy —1=p, — 1,
mg
we see that
RypLys1 = U, .

Let my41 and Ry41 be as we defined in the Case 1. Define
Aps1 = Lyp+1Upq1 - Up—1Rp41.

It follows from (2) that
Ay A1 DUy - Ug—1 Riy1.-

Noting that

)

no1t ok no1ttak
mi = >

Do Dv—1| Do Pv—1
we have
[Akt1] < | Lksal|Uvsa] - - [Us—1 || Ris1 ]
= IPut1-- Po—1Mk41
Dy po1ttag+l
f— —_— -p’/_,’_l...p@_l. P —
mp, Po- - Pu1
2  portetoptl
S - =
mr  Po--Pv—1
< ) pO . .pV71 . na1+"'+0¢k+1
- noit-tag Do Pu_t
= 2n%ktr,
Thus, we can construct Aq, ..., A such that

|A;| <2n% fori=1,2,... h.



Since

PO prog < = =

po1ttan
mh = —_— :p,r"

Po---Pr-1

Po--Dr,

we see that

which implies that
Ry ={e,as,...,al "'} = U,.

Therefore,
Ay Ay 2 Uy Ui Ry =Up - U1 U, =G.

The proof is complete.
As a consequence of this theorem, we have

Theorem 2 For every h > 2, every finite solvable group G has a basis A
of order h such that |A| < 2h|G|'/".

Proof. Let G be any finite solvable group. Applying Theorem 1 to G with
a;=1/hfori=1,... h, we have subsets Ay, ---, Ay of G such that Ay --- A, =
G and |A;| < 2|G|M" fori=1,...,h. Let A=A UAyU---UA;. Then Ais a
basis of order h for G and |A| < 2h|G|*/". The proof is complete.

Feit and Thompson [3] proved in 1963 that every finite group of odd order
is solvable. The following theorems follows immediately from Theorems 1 and
2 and Feit-Thompson Theorem.

Theorem 3 Let h > 2 be an integer. Let o, ...,ayn be nonnegative real num-
bers with c; + - - -+ ap = 1. Then every finite group G of odd order n contains
h subsets A1, Ao, ..., Ay of G such that

1. A1A2~--Ah :G, and
2. |A;| <2n% fori=1,2,...,h.

Theorem 4 For every h > 2, every finite group G of odd order has a basis A
of order h such that |A| < 2h|G|Y/".

3 The General Case

Theorem 5 Let h > 2 be any integer. If the class of all finite simple groups is
h-decomposable, so is the class of all finite groups.

Proof. Suppose the class of all finite simple groups is h-decomposable with
the constant ¢ > 0. Let G be any finite group of order n. Let

G=Gi>G >G> ... G >Gry1=FE

be a composition series of normal subgroups, where the factor group G;/G;+1
is a simple group of order n; for i =0,1,...,r. Then n = ngny - - - n,.

Let g, . .., ap be any nonnegative real numbers such that oy +---+ap = 1.
We shall show that there exist h subsets A1,..., A} of G such that



(i) A;i---Ap =G
(i) |A;| = ?|G|¥ fori=1,...,h

Let N; =ng---n; fori =0,...,r. Suppose that

N

o1 < notter < Ny (3)

for k=1,...,h. It is clear that
0<m < Spp=r.

Let ky = 0 and ks = h, and assume that
lul:"':l’[’]ﬂ <"'<,u/k‘7;_1+1:"':,u“k7‘,

<"'<Mks,1+1:"':Mk5:Mh'
Foreachi:1<1i<s,let

ti = ki — ki1,

Vi = Hk;_1+1,

e = o1+ -+ g 41,
fi = a4 +ag,.

Let ¢ be any integer with 1 < ¢ < s. Define real numbers ﬁj(-i) forj=1,...,t;+1
as follows:

gi) nei
nVi = )
Nyq-,—l
B(’i) )
ny, = nt for g =2, 1,
ﬂt(:)+1 Ny
vi o fi

Note that ﬂt(é)ﬂ = 0. It follows from (3) that

€i

which implies that every ﬁy) > 0. For each 2 < j <t;, ag,_,+; > 0 implies
ﬂ]@ > 0. From (3) and the fact that px, ,+1 = px,, we see that

Ny,
nl




which implies that 4{°), > 0. Since

v : ti+l
B 44810 ("
Ny, = Ny;
Jj=1
t;
€ i
= 5 H nki-1td L
N, 1 1 nfi
i j=2
B n€i+aki71+2+"‘+aki NVL
nfz Nl/qj—l
= nl’ia

we have
Ot g, =1
It is clear that ¢; +1 < h. Since G,,/G,,+1 is a simple group order n,,, and
hence (t; + 1)-decomposable, G,, /Gy, +1 contains t; + 1 subsets BY), cee Bﬂrl
such that

(Z) BY) T Bt(:z,-l = GV@/GW-H;

, . . HO)
(i%) c&l) +--+ cﬁ”ﬂ < ¢ where \BJ(Z)| = cgz)nff forj=1,...,t;+ 1.

Since ﬂt(g)ﬂ = 0, we may choose that

BY), = {e}. (4)

Let Cj(-i) C G, be the set of representatives of Bj(i) C Gy, +1- Then

. . (i)
€9 = |BY| < eni (5)
forj=1,...,t; + 1. Let
t;+1 )
v, =[] ¢, (6)
j=1

it then follows form (i) above that
Ul/q: GVH-l - Gl’i'

For v # nu;, let U, be a subset of G, such that |U,| = n, and U, G,4+1 = G,,.
Then it easy to show that

G=UyU;---U,. (7)
We now define Ay, ..., A, as follows. For 1 <i < s, let
Aki—1+1 = Ct(:jfj-lUVithl to Uvi*10£i)7
Aki—1+j = Cg(z) fOTj :27"'7ti7



where we assumed that Ct(f?i_l = {e}, and v9 = —1. Then it follows from (5)
and the definitions that

(i—1) (4)
‘Aki,ﬁ—ll < ‘Cti,1+1||Uv1‘71+1|"'lUvi—lHCI ‘
b ()
ti
< cnviill B CZEPES B VR cny;
c? Ny n n n
— e R RERY PR
nfw 1 ‘ ‘ Nl/ifl
= C2naki—1+1;
(i) 7
|Ak1‘71+]‘| = ‘C] < CTLVf
< en®ki-1ti for §=2,...,t;.

We may assume without loss of generality that ¢ > 1, then |A,,| < ¢2n®» for
m =1,2,..., h. Therefore, we only need to show that A; --- A, = G. It follows
from (4), (6), and (7) that

S

ti
Ay Ap = HHAki—l"l‘j

i=1j=1
S tl
i1 i :
= H le('i—l-f)-lUVi71+1...UVi—10£ E HCJ()
i=1 J=2

S

ti
i—1 i i s
= H Ct(i71-'?-1UVi71+1"'UVi710§ . HCJ() 'Ct(s—)i-l
Jj=2

=1
s t;+1
- U U, oW
- vio1+1 Vi1 j
i=1 =1

= H{in_lﬂ...in}
i=1

e
v=1

= G.

The proof is complete.

Corollary 1 If the class of all finite simple groups is h-decomposable, then
every finite group G has a basis A of order h such that

Al < eGPt

where ¢ = c(h) is a constant depending only on h.
Proof. This follows immediately from the above theorem.
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