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Abstract Leth be a positive integer, anila set of nonnegative integessis called
an exact asymptotic basisf orderh if every sufficiently large positive integer can
be written as a sum df not necessarily distinct elements frénThe smallest such
h is called theexact orderof A, denoted byg(A). A subsetA — F of an asymptotic
basis of ordeh may not be an asymptotic basis of any order. WhAenF is again
an asymptotic basis, the exact orgéA — F) may increase. Nathanson [48] studied
how much larger the exact ordgA— F) when finitely many elements are removed
from an asymptotic basis of ordkerNathanson defines, for any given positive inte-
gersh andk,

Gi(h) = max Fg%g(A— F),

g(A)<h

wherelg(A) = {F | |F| = kandg(A—F) < «}. Many results have been proved
since Nathanson’s question was first asked in 1984. Thistibm&y(h) is also
closely related to interconnection network designs in oekttheory. This paper is
a brief survey on the this and few other related problems.r@k&s [10] has a recent
survey on a related problem.

1 Exact Asymptotic Bases

Let N be the set of all nonnegative integers. hdte a positive integer andl C N

a set of nonnegative integers. lled denote the set of all sums bfnot necessarily
distinct elements fromd\. For notations and concepts without definitions here, the
reader is referred to the books byNathanson [50, 51].
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Definition 1. A setA C N of nonnegative integers is called exact asymptotic basis
of orderh if N —hAis a finite set. In order word# is called an exact asymptotic
basis of ordeh if every sufficiently large positive integer can be writtenaasum
of h not necessarily distinct elements fréhThe smallest suchis called theexact
orderof A, and is denoted bg(A).

Leth be any positive integer. Thek= {1} U{nh| n € N} is an exact asymptotic
basis of ordeh. Let B be the set of all odd positive integers. ThBris not an
exact asymptotic basis of any ordeibecause the sum ¢f odd integers has the
same parity a$. However,B with any additional even integer becomes an exact
asymptotic basis of order 2.

As an example, we show that= | J (22", 22"“] is an exact asymptotic basis of

order 3, where we ug@, b] to denote the set of integexsvith a < x <b. First, fora
largek, n = 2%+ 1 cannot be written as a sum of two elements flan®therwise,
sayn = a+b, thena,b < 22k-D+1 Hencea+b < 2214 2%1 < 2%k - n g
contradiction. We then show that every large integeaot in A can be written as a
sum of two elements fror. First assume =221 1. Ifkiseven, 4+ 1< Aand
2K+ e A Hencen = (2K+1) 4+ 2¢+1 € 2A If kis odd, them = 2+ (241 - 1) € 2A.
Now assume Z*1 + 2 < n < 2%+2 for somek. Then we can rewrita = (2% 4 s) +
(2% 4-t) with 1 < s< 2% and 1<t < 2% Hence 2K+ 5 2% 1t ¢ (2% 22%+1] C A
which implies thah € 2A. Now pick a large positive integerand writen = m+5.
If m¢ A, then, as shown earliem is a sum of two elements iA. Hencen is a
sum of three elements iA. If m= 2% 41, thenn = 6+ 2214 221 ¢ 3A_|f
me [22 42,221 C A thenn =5+ (221 +-5) + (221 1 t) € 3A. Therefore, we
proved thatA is an exact asymptotic basis of order 3.

2 Subsets of Exact Asymptotic Bases

A subset of an exact asymptotic basis of ordenay not be again an exact asymp-
totic basis of any order. For instande= {0} U {1,3,5,...} is an exact asymptotic
basis of order 2. Howevel— {0}, the set of all odd positive integers is not an exact
asymptotic basis of any order. When a subset of an exact detimipasis of ordeh
is an exact asymptotic basis, its exact order can be largénadson defined the fol-
lowing function to study how large the exact order of subséts exact asymptotic
basis of ordeh when finite.

Let A be an asymptotic basis of orderGiven a positive integek, let

Ik(A)={F CA||F| =k, andA—F is an exact asymptotic basis

Define

Gk(h) = max max g(A—F),
gl<n FEW
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where the first maximum is taken over all exact asymptotiebad order at most
h. Nathanson [48] proved in 1984 the following theorem.

Theorem 1 (Nathanson [48], 1984)or h > k,

Gk(h)z({%J-yl)kﬂ—lm (ﬁ)kﬂ.

In 1988, Jia [22] improved Nathanson’s lower bound to:
4 h k+1 ‘
> — .
Gk(h)_3(k+1> +O(h) as h— o
Later this has been further improved [24] to
> - = - — .
Gk(h)_(k+1)(k+2) <k+1) +0(h") as h—o
Let A be a set of nonnegative integers. Tower densityof A is defined by
d(A) = liminf m,
m-—oo0 m

whereA(m) = [{a€ A| 0 < a < m}|. The following version of Kneser's Theorem
[37] is useful in establishing upper bounds @y(h).

Theorem 2 (Kneser [37], 1953)Let C= A; + - -- + An. Then either

d(C) = d(A1) +---+d(An)
or C is equal to, with at most finitely many exceptions, a esidass modulo g for
some positive integer g.

By using Kneser’s Theorem for the upper bounds, Nash [46]qatdn 1985 that
Gk(2) =2k+2 forall k> 1.
In the general case, &s— o for any givenh > 1, we proved [24] that

Gy(h)+1>2 (h%l) hfl+ (4h—-5) (thl) h72+ o(k"3),

2 .. h-1

G +1< Gk g

K'=2 4+ O(k"3).

Whenh = 2, this is Nash’s formula foG(2). Farhi [7] studied the exact order
g(A—F) in terms of some parameters of the Batther than simply the cardinality
of F. Define .

diam(F)

~ ged{x—y[xyeA}
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Farhi [7] proved in 2008 that

h(h+3) dh(h—1)(h+4)
+
2 6
for any exact asymptotic bastsof orderh. In particular, ifF is an arithmetic pro-
gression, then

gA-F) <

h(h+3) (JF|—1)h(h—1)(h+4)
2 ' 6 '

These lower bounds are better in many cases.

gA-F) <

3 Exact Order of Asymptotic Bases

A set A of nonnegative integers is called asymptotic basi®f orderh if every
sufficiently large integer can be written as a sum of at rhogit necessarily distinct
elements fromA. If we use notation

h
h°A= [ JsA

s=1

thenA is an asymptotic basis of ordérif and only if h°A contains all sufficient
large integers.

The set of all positive odd integers is an asymptotic basisaér 2 while it is not
an exact asymptotic basis of any order. The following theooéErdés and Graham
provides a necessary and sufficient condition for an asytiegiasis to be an exact
asymptotic basis.

Theorem 3 (Erd6s and Graham [5], 1980)Assume that A is an asymptotic basis.
Then A is an exact asymptotic basis if and only if

gcla—a :ad €A} =1

A more general theorem is proved by Nash and Nathanson [4885.
Theorem 4 (Nash and Nathanson [47], 1985If A is an asymptotic basis contain-
ing at most a finite number of negative terms such that

gcla—a :a,d € A} =d,

then there exists an positive integer g such that every téram anfinite arithmetic
progression with difference d can be written as a sum of éxgatlements in A.

LetA= (22k, 22“1] Since every large integ@rnot in A can be written as
k=0
a sum of two elements from, A is an asymptotic basis of order two. Note tiat
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is an exact asymptotic basis of order 3. A natural questitrovg much bigger the
exact order is when an asymptotic basis of otdisralso an exact asymptotic basis.

Theorem 5 (Nathanson [48], 1984).et h> 2 be an integer. Then

Gi(h) = m/f\x{g(A) | Ais an asymptotic basis of ordel h (1)

Proof. Denote the right hand side of (1) ibgh). We only need to prov&;(h) =
t(h).

Assume thafA is an exact asymptotic basis wigiA) = h andg(A— {x}) =
Gi(h) =g. DefineA; = {a—x | a< Aanda# x}. Letn be any large positive integer.
Then

n+hx=a;+ax+---+ap, where a € A.

Then
n=(a1—X)+(@—X)+--+ (ah—X).

After deleting the “0” terms in the above summation, we sexd iths a sum of at
mosth elements fronAg, i.e., A; is an asymptotic basis of ordéar Sinceg(A—
{x}) = g, we see that

g
N+ gx= Zlaj, where a € A—{x}.
i=

Hence o
n= zi(a;—x), where a—x¢c A;.
i=

ThusA; is an exact asymptotic basis wigA;) < g. In fact, easy to see thgtA;) =
g. Thereforet(h) > g= Gy (h).

On the other hand, assume ti&s an asymptotic basis of ordeiso thatg(A) =
t(h). Sincet(h) > h, 0 ¢ A. DefineA' = AU{0}. ThenA' is an exact asymptotic
basis of ordeh, i.e., g(A') = h. Sinceg(A’ — {0}) = g(A) = t(h), we have that
g = Gy(h) > t(h). ThereforeGy(h) =t(h).

Noting thatA = [Jg_o (2%, 2%*1] is an asymptotic basis of order 2 and its exact
order is 3 as an exact asymptotic basis, we seedh@) > 3. The following are the
known exact values for the function:

G1(2)=3 (Erd6s and Graham [5], 1980),
Gi1(3)=7 (Nash [46], 1985),

Gi1(4)=10 (Li [40], 1989, uncomfirmed),
Gi1(5) =15 (Li [40], 1989, uncomfirmed),
G2(3) =13 (Nash [46], 1985),

Gk(2) =2k+2 (Nash [46], 1985).

The following is a list of known estimates @ (h) by various authors:
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12 2 S 2 2 “
Zrh +o(h?) <Gi(h) < Zh +o(h?) (Erd6s and Graham [5], 1980),

%hZ +0(h) < Gy(h) <h*+h (Grekos [11], 1982),

Ga(h) < %hz +h (Nash [45], 1993).

4 Postage Stamp problem

Support an envelope has space for only up $tamps, and= {ay = 1,ay,--- ,a}
is the set of stamp face values. The postage stamp problesistoof computing the
smallest postage valugh, A) + 1 that cannot be stamped by using the given stamps.
In other wordsn(h,A) is the largest integer such that every positive integath, A)

k k

can be represented as a linear combina&nai with x; >0 andzlx@ < h. Define,
i= i=

for any given positive integetsandk,

h,k) = h,A).
n(h,k) = maxn(h, A)

For convenience, a sé&tC {1,2,...,n} is called arh-basisfor nif {1,2,...,n} C
hOA. n(h,A) is called theh-rangeof A, andn(h,k) is called the(h,k)-range One
central problem is to calculate tifk, k)-rangen(h, k).

The postage stamp problem has been around for a long timeeWwowt seems
that the problem appeared only as recreational and emiegainathematics (e.qg.,
Sprague [62], Problem 18 and Legard [39]) until 1937 whenrBRath [58] first
formalized and analyzed the problem mathematically. Sthea, there have been
extensive research on the problem (see Guy [13], HofmdissrHofmeister et al.
[17], Klotz [35], etc.). A similar and related problem is tReobenius Coin Prob-
lemwhich asks the largest amount of postage that is impossibpay by using a
given set of stamps (sufficient supply). It turns out thas ikian incredibly diffi-
cult problem to solve. We even do not know the answer with dmfge kinds of
stamps! Computation of Frobenius problem is NP-compleate é interesting ar-
ticle of Cipra [3] in theSciencemagazine). See a survey up to 1980 by Alter and
Barnett [1], and [31] for recent developments on the postigmp problem. See
Selmer [60, 61] for a comprehensive introduction to the fob

Stohr [63] proved in 1955 that

2
n(h,2) = {h#h“J . h>2 )
Hofmeister [15] proved in 1968 that, for all integdrs 23,

4 2
n(h,3) = 8—1h3+ §h2+ah+[3, (3)
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wherea andf are determined constants depending onljofmod 9).
The following theorem (see [30]) provides lower bounds@th) by using the
lower bounds fon(h, k).

Theorem 6.Let h> 3 and k> 1 be integers. Then

(i) Gk(h) > n(h—1,k+1);
(i) Ge(h) > 2n(h—1,k) + .

For convenience, let us define, for any given positive intbge

oh = lim supn(h’ K
" k—co kh '

Mrose [43] proved in 1979 that, > % ~ 0.2857. As for the upper bound, it is easy
to see that < % This trivial bound has been improved several times:

0 < 0.4992 (1937, Rohrbach [58])

0, < 0.4903 (1960, Moser [41])

0, < 0.4867 (1960, Riddell [55])

0, <0.4847 (1969, Moser, Pounder and Riddell [42])
0, < 0.4802 (1969, Klotz [35, 36])

0, <0.4789 (2006, Gunturk and Nathanson [12])

0, <0.4778 (2007, Horvath [18])

0, < 0.4697 (2009, Yu [69])

Forh = 3, Mrose [43] proved in 1979 that

3
n(h,3) > §—§ (g) +0(K?).

This was improved by Windecker (unpublished) to
4 (k\® )
n(3,k)2§ 3 +0(k%) as k— oo, 4
Therefore, it follows from the lower bounds afig) in Theorem 6 that
4.2
Gk(3) > ?k +O(k) as k— oo,

and 8
Gk(4)28—1k3+0(k2) as k— .

Using the following recursive inequality for(h, k)

n(hl +ho, ky + kz) > n(hl, kl)n(hl, kz), (5)
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One can prove that, for any fixdéd> 3, ask — oo,

[k/3] h
hza(3)  (5)

wherec;, are absolute constants depending onlyhanod 3. It then follows from
Theorem i) that

Gk(h) > 2ch 1 (m) .

5 Extremal Bases for Finite Cyclic Groups

Let A be a set ok distinct integersA is called arh-basisfor Z, if every element
in Zm can be written as a sum of at mdshot necessarily distinct elements Af
In other wordsA is anh-basis forZ, if and only if h°A = Z,.. Let m(h,A) denote
the largest positive integen so thatA is anh-basis forZ,. Given positive integers
h andk, we define
m(h,k) = maxm(h,A)
\A\A:k

It is easy to see thatm(h,k) > (h,k) + 1 for all h > 1 andh > 1. Similar to the
Theorem of Erdés and Graham, one can prove that & sef{a;,ay,...,a} is an
h-basis forZ, for some integeh if and only if

gcd{m,a,ay,...,a} = 1.

It is clear that arh-basis forn is always arh-basis forZ, ;. However, arh-basis
for Zm may not be ar-basis form— 1.

Extremal bases for finite cyclic groups are closely relatedterconnection net-
work designs. Extremal bases and related problems haveobeesf central focuses
in the study of combinatorial networks, which emerges asadbarea of research.
For more information, see, for instance, Graham and Sldgn&fdés and Hsu [6],
Du and Hsu [4], Hsu and Jia [19, 20], and Jia [28, 29], etc.

Hsu and Jia [20] proved in 1994 that

m(h,2) = r‘(h; 4)J 1 forall h>2 6)
For k = 3, it seems harder to handle basesZarwhen compared with bases for
[1,n]. The analog of Hofmeister's formula (3) fath, 3) in the postage stamp prob-
lem, an exact formula fom(h, 3), is yet to be found. Hsu and Jia [20] showed in
1994 that

m(h,3) > %h3 +0(h?) ~0.0625°*+0O(h?)  as h— .
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It is easy to verify the following recursive addition inedjtiasimilar to (5)
m(hl-i-hz,kl—i-kz) > m(hl,kl)m(hl,kz). (7)

Using this addition inequality, we can provide lower boufatam(h, k) by improv-
ing lower bounds fom(h, k) with smallks.
Jia [23] showed in 1990 that, for fixéd> 4 ash — oo,

256\ /4 /K .
mhik > a(352) () +or

whereay = 1, 1,% andi—; accordingak=0,1,2 or 3 (mod 4. Chen and Gu [2]
proved in 1992 that, for fixed andh — oo,

2048\ /4 7\ K 1
m(hak)ZBk(E) (E) +O(h )a

4 135 .
wheref = 1,1, 3 or 1 according ak = 0,1,2, or 3 mod 4. In 1993, Su [65]
constructed a new 5-elemdnbasis which provides a new lower bound fa(h, 5),

and hence a better lower bound in the general case:

55.74 [k/5] h k 1
m(hak)ZW<W> <E> +0O(h™7)

k
~ W(5.2844) /5] (E) +0O(h* 1y, (8)
where
1 ifk=0,1 (mod5H
4/3 ifk=2 (mod5H
4752
=93 —=—=~2. ifk=
2197 2.163 ifk=3 (mod5H
165888 I
T067E 3.2768 ifk=4 (mod 5

This implies the following lower bound fdBg(h), which is best known at the time
this article was written:

55.74) L(kal)/SJ( h

k+1
S0 o k
Gk(h)ZM(+1< 17 k—|—1> +0(h9) as h— o
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6 Remarks and Open Problems

1. Kirfel [34] proved in 1990 that the following limit

. n(h,k)
= lim d
Te= M, —hk
exits for everyk > 1. It is known that
1 4
=1, == and 13

4 T 8r
It seems much harder to deal witfih,k) with givenh > 1 ask approaches
infinity. Current best known bounds fa(2, k) are proved by Mrose [43] and Yu
[69]:
0.2857< n(igk) <0.4697
2. ltis natural to ask if any of the following limits exists:

- G(h) . Gx(h)
lim e and  lim-p.

The only known nontrivial case is Nash’s formula f8g(2) = 2k+ 2. We even
do not know the answer whén= 1.
3. Similarly we may ask if the following limits exist:

. m(h,k)
M= 0, "R

1 . .
The only known exact values arg = 1 andn,; = 3 One annoying fact is that

we do not even have any nontrivial lower bodirmd upper bound fom(2,k).

4. A setA of nonnegative integers is called astricted exact asymptotic basis
of orderh if every large positive integer can be written as a sunh distinct
elements fromA. Similar questions can be asked for restricted exact asytiopt
bases. We known little about restricted exact asymptotse®aNot much is
known for the restricted version for botith, k) andm(h, k), especiallym(h, k).

5. LetAbe afinite set of integers. Kis an basis foZ, then the average order of

Afor Zm is defined by
1 m-1

MNAZn) = 3 hiD)

whereh(t) is thelengthof t by A, which is defined as the minimum number of
elements (another problem if distinct elements requiréd)with sumt. Similar
functions can be defined:

1 The author does not know any lower bound fiaf2, k) other thanm(2,k) > %kz + O(k), which
is obtained byn(2,k) + 1 < m(2,k).
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m(A,k) = max{m| A with |A| = kandA (A, Zn) <A}
n(A,k) = max{n | JAwith |A| = kandA (A,[1,n]) < A}.

See [21, 29, 31] for some preliminary results in these cases.

6. Graham and Sloane [8] studied a set of four extremal fanstielated to addi-
tive bases. Those extremal functions can be generaliz§dTh@se functions
are related t&y(h). There are still many open problems related these functions

7. Extremal bases for finite cyclic groups are considereaas gnderlying topol-
ogy for interconnection networks (see [6, 19]). This ares Ieen studied ex-
tensively in recent years, see [31] for a more complete surve

8. Wong and Coppersmith [68] discovered a geometric reptaten of bases for
finite cyclic groups, which helps establish upper boundsrig h). With help
of Kneser’s theorem, one might be able to utilize Wong-Copmpéth’s represen-
tation to obtain upper bounds f@(h). For more information on the geometric
representation of bases see Jia and Hsu [31].

9. Bases for finite groups have also been studied extendivehe past. Among
many interesting problems in this area, Rohrbach’s proldarbases for finite
groups attracts a lot of attention.Afis a basis of ordeh for a finite groupl
with || = m, then

Al >mth—1.

Rohrbach [58, 59] asked in 1937 the following question: teié that, for every
positive integerh, there exists a constant= c(h) > 0 such that every finite
groupl” with |I"| = mcontains a basi8 of orderh for I such that

|A| < cmt/"?

This problem is related to short products of elements fronmigefigroup [27].
The question is still largely open. See [23, 26, 31, 38] faerd developments.

Acknowledgements | like to thank Professor Mel Nathanson from whom | leaned loioatorial
additive number theory, a wonderful and entertaining fiélchathematics.
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