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1. Introduction. Let N be the set of all nonnegative integers. A subset 4
of N is called an asymptotic basis of order h if every sufficiently large integer
can be represented as a sum of h not necessarily distinct elements in 4. An
asymptotic basis A of order h is called minimal if no proper subset of A4 is an
asymptotic basis of order A. St6hr [4] introduced this concept of minimality.
Hiirtter [17 showed by a nonconstructive argument that there exist minimal
asymptotic bases. Nathanson [2] constructed the first nontrivial examples of
minimal asymplotic bases of order h > 2. In this paper we give a simple and
explicit construction of minimal asymptotic bases of order h for every h = 2,
In particular, it is proved that if h > 2 and 1/h <« < 1, then there exists a
minimal asymptotic basis of order h whose counting function has order of
magnitude x*,

2. Results. Let W be a subset of N. Denote by .#*(W) the set of all
finite, nonempty subsets of W. Let 4(W) be the set of .all numbers of the
form Y, . 2', where F €. #*(W). Note that @ ¢ .#* (W), hence 0¢ A(W). For
any real number v, let [x] denote the greatest integer n such that n < x, and
(x the least integer n such that n > x. If 4 is a subset of N, let h4 denote
the set of all sums of h elements of 4. Let A(x) denote the counting function
of 4.

Tueorem 1. Let h> 2, and let t = log(h+1)/log 2. Partition N into h
pairwise disjoint subsets Wy, ..., W,_ | such that each set W, contains infinitely
many intervals of t consecutive integers. Then

A=AW)u ... uA(W,_))
is a minimal asymptotic basis of order h.
The proof uses the following two lemmas of Nathanson [3].

Limma 1. (a) If Wy and W, are disjoint subsets of N, then AW)NnA(W,)
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(b) If W =N and W(x)=ax+0() for some a (0, 1], then there exist
positive constants ¢, and ¢, such that

Xt <AW)(x) < ¢y X

Jor all x sufficiently large.
(¢) Let N =WouW,u ... UW,_, be a partition, where W, # @ for r =0,
{,...,h—1. Then

A= AWudWo ... AW, )

is an asymptotic basis of order h. Indeed, hA = \neN: n > h} and h(AL 0})
= N.

Lemma 2. Let wy, ..., w, be s distinct nonnegative integers. If

i=1 =1
where x,, ..., X, are nonnegative integers that are not necessarily distinet, then
there is a partition of {1, 2, ...t} into s nonempty sets Jy, ..., J, such that
i Z 2%
Jedj
fori=1,2,...,s.

Proof of Theorem 1. By Lemma 1, the set A4 is an asymptotic basis
of order:h. We must show that A is minimal.

Let acA. Then aeA(W) for some r. Without loss of generality, we can
assume that a € A(W,). Then there is a finite, nonempty subset F < W, such
that

a=y 2.
icF
Let M denote the largest element of F.

Let a, = a. We shall construct positive integers a, for r = 1,2, ..., h—1.
Choose m(r)eW, such that m(r) > M and the ¢ consecutive integers m{(r),
m(r)+1, .5, m{r)+1—1 belong to W,. Let F, be any subset of (M, m())W,.
Define a, by

. ) miry+¢— % )
(1) a=Y 2+Y 2+ ¥ 2.
W, ik, i=mir) .

i M

Then a,€A(W) and

~m(r) < a. < 2m(r)+l
k4 r .

Let n=dap+ ... +a,.,. We shall show that this is the unigue representation
of n as a sum of h elements of A
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Suppose n=bg+ ... +b,_,, where h,ed for r=0,..., h—1. Then
b, € A(W,,,) for some k(r)€[0, h—1]. Suppose there exists se(l, 2, ..., h—1}
such that b,¢ A(W)) for r=0,1, ..., h—1. By Lemma 2 there are subsets
< Wy, such that '

mis)y+e~ 1 ) h-1
Y 2=3 ¥ 2
i=mis) r=0iU,

Clearly, each i in U, is less than m(s). It follows from the definition of ¢ that

mis)+e=-1 . h-1 .
2m(s)(2|__“= Z 2= Z Z b
= m(s) r=0 iel,
i <m(s)
mis)—1
<h Y 2 <h2m™ g 2"9(2 1),
i=0 -

which is impossible. Therefore, after suitable renumbering, b, e A(W) for r
=1,2,..., h—1.

Next we show that by e A(W,). Suppose by¢ A(W,). We may assume
without loss of gencrality that by e A(W,). Since b, e A(W,), it follows from
Lemma 2 that there exist Vy =W, and V, cW, for r=1,2,..., h—1 such
that :

h-1 h-1
2 Y Y =gty T 2
r=0ic¥, r=1icW,
i<M

Since i < M for all 1eU -0 Ves it follows that

ZZZ&=ZZI+Z Zzn

r=0ieV, l'cVo r=bicV,
h-1 '
<Z2‘+ZZZ‘<2“+222' a0+ZZ
l’eVO r=l|'eW r=1ieW r=1ich,
n‘<M i<M ,'<M

which contradicts (2). Hence, h,eA(W,). Since the representation of an
integer as a sum of distinct powers of 2 is unique, it follows that a, = b, fot r
=0, 1,..., h—1. In particular, b, = a. This completes the proof.

CoroLLary L. Let N = WyUW, he a partition such that each W, contains
infmitely many pairs of consecutive integers. Then A —A(WOD\.JA(W,) is
a minimal asymptotic basis of order 2.

CoroLiary 2. Let N = WyuW,uW, he a partition such that each
W, comains infinitely many pairs  of consecutive integers. Then
A= AW AWDOUAW,) is a minimal asymptotic basis of order 3.

These two corollaries are immediate consequences of Theorem | with
=2 :
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LemMA 3. Let t > 2 and h > 2. Let ay, ..., a,_, be positive real numbers
such that ag+ ... +a,_, = 1. Then there exists a partition of N in the form N
Wou WL ... UW,_y such that, for r =0, 1, ..., h~1,

) W(x) =a,x+0(1); _

(i) W, contains infinitely many intervals of t consecutive integers;
(iii) In W,, the gaps between successive intervals of length t are bounded.
Proof. For any integer n > |, define a,(n) and R, by

a(n)=[ne,] forr=0,1,..., h-t,

h—1

R,= Y a.(n).

r=0

 Let (Rl be 2 maximal strictly increasing subsequence of {R,!% . It
follows from ¥ '@, = 1 and the definition of R, that

3) nk) <ntk+1) < nk)+h,
@ Rysy < Rpus1y S Rygy+h,
(5) Ry < .n(k) <R iy + 1,

d, (k) = a,(ntk+1))~a,(n(k)) =0 or 1.

Let Ruus1y—Ruyny =u. Then there are wu distinct integers r e
10,1, ..., h—1} such that

d (k)= ..=d (k=1
The remaining h—u integers r; €0, 1...., h—1} satisfy
d,, k)= .. =d, (k=0

Let t+ > 2. Define
W= [Runy+i=Dt, (Ryy+idt—1] fori=1,2 .. u
Wi=0 fori=u+l, . h

For each r=0,1, ..., h—1, we define
(6) W, = kUl Wi

It is clear that N = Wou ... UW,_, that WnW, = @ for i # j, and that each
W, contains infinitely many intervals of length t. It follows from «, > 0 that
(i) holds,

Let x > 1. Suppose that

tRn(k’ $ x < tR"‘k+]).
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Then, by (4) and (5), we have
l Ix—1n(k) < th,
Ix—tn(k+1)| < 2th.
Therefore, for each r =0, 1, ..., h~1,
WA <a,(ntk+ 1)t = [ntk+1ya, ]t
< mk+Da, < xa,+ 2ha,,
W) 2= g, (n(k))t = [n(k)a, ]t
>ln(k)<x,—l"> xx,—tha,—1,
and so W,(x) =a, x+ O0(1). This completes the proof.

Tueorem 2. For every a such that I/h<a <1, there is a minimal
asymptotic basis A of order h such. that

(7) ' X" < A(x) <cyx®
Jor all sufficiently large x,

Proof. Let ay = a, and define a, = (1 —a)fth—=Nforr=1,2 ..., h—1.
Then ay+ ... +a, , =1 and og2a, >0 for r=1,2, ... h—1. Let
t = clog(h+1)/log 2>. By Lemma 3, there is a partition of N in the form N
= Wow ... UW, ., such that each set W, contains infinitely many intervals of
length ¢ and

Wo(x) =a,x+0(1).

Theorem | implies that 4 = A(W,). ... wA(W,-y) is a minimal asymptotic
basis of order h, and Lemma 1 implies that (7) holds for all sufficiently large
x. This completes the proof.

Turorem 3. Let h > 2 and let t = (log(h+ lylog2>. Let «y, ..., oy, be
positive real numbers such that ag+ ... +o,_, =1. Let N = Wou ... uW,_,
he a partition satisfying conditions (i), (ii), and (iii) of Lemma 3. Let A
=AW ... AW, ), and let aeA. Deline E, = hA\h(A\la)). If
aeA(W) and o =a,, then :

E,(x)» x'~ ¢

Proof. Condition (iii) implics that there is an integer L such that in
every interval (y— L, y~1] there are 1 consecutive integers belonging to W,
for each r=0,1,.... h—1.

Let aeA. Without loss of generality we can assume that acA(W,). We

must show that E,(x) » x' ~*°,

Let 2™ be the largest power of 2 that appears in the binary representa-
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“tion of a. Let x be a large positive number, and let y = (log x)/log2. The
interval (y~L, y—1] contains integers m(1), m(2), ..., m(h—1) such that
m(r)+je(y-—L, y—-1]nW, for r=1,2,....,h—1 and j=0, 1,...,1—1. Let

(M, y—L}nW,. Define a, by (1). Let n=a+a,+ ... +a,.,. Then
n < 2’ = x. The proof of Theorem 1 shows that nehA4\ h( A\.a‘) = E,, and
that different choices of the h—1 sets F, ..., F,_, lead to different numbers

n. Since there are 27”7 ¥ (hoices of the set F,, it follows that the

number of n determined by F,, ..., F,_, is

h-1

Wy~ L) ~W(M _ =1
H 2 Hy— L) o )22 Mzzrzl"f(y L)
r=1

h-1
= 2—M2§_'= 1 @y +O(1)

> (zy)}_:f;:a, - (zy’l “e0 _ xl A—aO'
Therefore, E,(x) > x'~"°. This completes the proof.
An asymplouc basis A of order h is called strongly minimal if
E,(x)> (4 (x)) for each aeA and for all x sufficiently large.

COROLLARY 3. Let A sa_tisfy the conditions of Theorem 3. If a, = 1/h for r
=0,1,...,h—1, then A is a strongly minimal asymptotic basis of order h.

Proof. Since A(x) <€ x'" the result follows immediately from The-
orem 3.

3. Open problems

i. For h=2, find all partitions N =W,0W, such that A4
= A(Wy)uA4(W,) is a minimal asymptotic basis of order 2. Nathanson [3]
has constructed an example of a partition of N into two disjoint sets that
does not produce a minimal asymptotic basis of order 2.

2. If N=WyuW,u ... UW,_, is a partition such that weW, implies
cither w—1eW, or w+1eW,, then is A = AW )uAW)u ... uA(W,.,) a
minimal asymptotic basis of order h?

3. It would be interesting to extend the results of this paper to asympto-
tic bases constructed from parlltlons of N by means of g-adic representations
for g 2 3.
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